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1. Introduction 

A covariant formalism of tlie superstring was formulated six years ago by Berkovits 
0] . Since then, this formalism has passed many tests which include the calculation of tree- 
level and higher loops [Q scattering amplitudes. It was also proven that the formalism 
describes correctly the superstring degrees of freedom, in fact the superstring spectrum was 
determined in the light-cone gauge 0] and in it was constructed the first massive state 
in terms of a manifestly ten dimensional supercovariant language. Recently, Berkovits 
realized that his formalism admits a more geometrical origin by discovering a topological 
formulation 0. 

The formalism can be adapted to describe strings in curved backgrounds including 
those with Ramond-Ramond fiuxes like anti de Sitter spaces . There, quantum conformal 
invariance and quantum BRST invariance have been verified. 

Berkovits and Howe constructed the sigma model action suitable to describe ten di- 
mensional supergravity backgrounds [jl^ (see also |T^). The sigma model action is the 



most general classically conformal invariant compatible with the isometries of the back- 
ground. The classical BRST invariance of the model implies that the background fields 



are constrained to satisfy the ten dimensional supergravity equations of motion. In [|T2|] it 
was shown that the conformal invariance is preserved in the quantum regime at the one- 
loop level if the background is constrained by classical BRST invariance. The next logical 
step is to preserve quantum BRST invariance to obtain a'-corrections in the supergravity 
equations of motion. In this calculation it will be useful to determine how the world-sheet 
fields transform under classical BRST transformations. The purpose of this paper is to 
determine such transformations. 

In the next section we review the sigma model action for the heterotic string in the 
pure spinor formalism. In section 3 we derive the classical BRST transformations of the 
world-sheet fieldda. In the final section we find consistency with the constraints of ^0\ 



derived from the nilpotence of the BRST charge and the holomorphicity of the BRST 
current. 



These transforinations are also obtained in [13| 



2. The Pure Spinor Approach to the Heterotic Superstring 

Let us remind the sigma model action for the heterotic string in a background sup- 
porting gauge and gravitational fields, it is given by 



ZTTa J 2 2 



(2.1) 



where U^ = OZ^^Em^^U^ = dZ^^ Em^ with Em^ being the supervielbein, Z^ = 
(x"^, 6*^); m = 0, . . . , 9, ^ = 1, . . . , 16 the superspace coordinates, da the world-sheet gen- 
erator of superspace translations. Sj is the action for the gauge group variables, Sx^^^ is 
the action for the pure spinor variables (A,c<;)a and SpT is the Fradkin-Tseytlin which is 
proportional to J d^zr^, where r is the world-sheet curvature and the ^-independent term 
of the superfield $ is the dilaton. This term is not necessary when we study the classical 
dynamics of the system. However, it helps to restore the quantum conformal invariance 



as it was shown in [12|. The other background fields in ( p.l|) are the 2-form superfield B, 
the gauge field Aj, the superfields Wf (whose lowest component is the gaugino), Uja^ 
(whose lowest component is related to the gauge field strength) and O^q,^ is the Lorentz 
connection. 

The action (|2.1|) has two local Lorentz transformations. One rotates the spinor indices 
as 5A° = A^E^" and the other rotates the vector indices as (511" = II^Ab". At the end 
of the day, both Lorentz transformations turn out to be identified, namely tr(7"^E) is 
proportional to A"'' . The action is also invariant under gauge transformations of the gauge 
group 50(32) or Eg x ^g- 

The quantization of the system given by (|2.1|) is performed by studying the cohomology 



of the BRST operator Qbrst = § Jbrst = § X°'da. As it was demonstrated in fl^ 



the constraints on the backgrounds fields of the ten dimensional SUGRA/SYM system 
are implied by the nilpotence of the BRST charge and the holomorphicity of the BRST 
current. Let us reobtain this result in slightly different manner. We first determine how 
the world-sheet fields are transformed by the action of Qbrst- In order to do this, we 
define the canonical conjugate to Z^ as 



Since the pure spinor A is constrained to satisfy A7°A = 0, its canonical conjugate lo is defined 
up to SuJa = (7"A)aAa for a parameter A. Then, X^cop can only be expressed in terms of the ghost 
number current J = X^cOa and the generator for pure spinors Lorentz rotations N'^ = 4(A7" a;). 



where f?o is respect to the world-sheet time a^ . In this way we can relate Pm to the 
world-sheet field da- We also use the canonical commutation relations 



where /'s are structure constants of the gauge group. Note that these commutations 
relations are done at equal world-sheet times and that there is a delta function 5{a^ — a'^) 
in the r.h.s. of each. 

As it was shown in |[1^] , the nilpotence of Qbrst can be computed after writing d^ in 
terms of the canonical variables and using the canonical commutations relations of ( |2.3| ). 
The holomorphicity of Jbrst is determined from the equations of motion derived from the 
action ( p.l|) . In these ways, the background fields satisfy the nilpotence constraints 

A-A^T,/ = X^^X^H^pA = X^X^Fj^p = X^X^X^R^p^' = 0, (2.4) 

and the holomorphicity constraints 



Ta{ab) = Hotah = Taa = X"" X^ RaafP = T^fia — Haj3a = Fjaoi — Wj T^jia = 0, (2.5) 

Fio.13 - \Ho.p-,W] = V„M// + W]T^J - UiJ = X'^X^iVc.Uip^ + Rsc^p^Wf) = 0, 

where T, R, H and F are the torsion, the Lorentz curvature, the gauge field strength and 
the three-from curvature of the two-form B. In [jl^ it was proved that these constraints put 
the background fields on-shell, that they satisfy the N=l D=10 SUGRA/SYM equations 
of motion. 



3. BRST Transformations of the World-sheet Fields 

We define the BRST transformation of a field \1/ as Sb"^ = [i^ eA^rfa, \1/], where e is 
a constant Grassmann number and the Poisson braclcet is calculated from the canonical 
commutation relations of ( |2.3|) . To do this, we need to express the world-sheet field d^ in 



terms of the Pm and the other world-sheet fields. From the definition (|2.2|) one obtains 



d^ = -E^^Pm - ^(n^ - n^)5Aa + /^/a + A^a;^0«^^. (3.1) 

Now it will be shown that ^s = 5g + 5, where 5g refers to the gauge transformation 
with parameter —e\°'Aja and a Lorentz transformation with parameter —eX'Q.^j3'^. 
Consider first the pure spinor A". We obtain 



5bA" = i da't\f^{a')[dp{a'),X'{a)] = i da'tX^ia')^ {a')np^\a')[ujs{(r'),X'{a)] 



-A^(-eA^0^;3"), 

which corresponds to a Lorentz rotation of the pure spinor A" with parameter — eA'^O-y/j'^ 
Consider now the conjugate pure spinor oj^- Its BRST variation becomes 



SbuJc. - <{da'e[X^dpia'),uUcr)] = i da'eX^ia')[df3ia'),u^ia)] + e[X^{a'),iJ^ia)]df3{a') 

= -(-eA^O/3a'^)'^7 + eda, 

where the first term is a Lorentz rotation. 

Consider now the BRST variation of the gauge current J . It is given by 

SbJ' = ^da'eX^ia')[d^{a'),l\a)] = f^Ki-eX^Aj^)!"", 

which is a gauge transformation in the adjoint representation with —tX^^Aj^ as gauge 
parameter. 

Now we consider the BRST transformation of H"^. To obtain them we note that 
8bZ^^ = eA«£;„^, then 



5bII^ = 5B{dZ^EM^) = d{5BZ^EM^) - 5bZ^ dZ"" d^^Eu]^, 



if we use the definition of the torsion, then we have 



Therefore, 



^sH" = n''(-eA"0«b") - eA^n^Ts^", ^bH" = n^(-eA'^0^^") + V(eA") - A^H^Tb^", 

(3.2) 
where the first term in each transformation corresponds to a Lorentz rotation and V(eA") = 
9(eA") + eA^n^Oyi^". We obtain analogous transformations for 11 . 

The BRST transformation of any background superfield is given by Sb"^ = eX'^da'^. 
It can be shown that this expression can also be written as a gauge transformation for '0 
plus a term which depends on the covariant derivative of the superfield. For example, for 
the superfield Wj" one obtains 

Sj,wr = W^i-eXm^p^) - f''i{-eX^Aj^)W'^ + eX^VpWf, (3.3) 

where the first term is Lorentz rotation of Wf and the second is a gauge transformation 
of W^. 

3.1. Nilpotency 

Now it will be shown that 6^ acting on the world-sheet fields leads to the nilpotence 
constraints of (|2.4|) . Consider Z^ first 



SlZ^ = SeieiX'^Ej') = ei{5BX")Ej'+eiX''5BE^^ = eie2A"A^(-0«^^E^^-a^£;«^), 

by symmetrizing in (a/3) we form the torsion Tap'^EA^ ■ Therefore we obtain the con- 
straint A"A^Ta/3^ = 0. 

Similarly, we compute S^X"" 



4A" = <5B(-eiA^A^O^;3") = -eie2A^A^A^(a50^;3" - O^/O^," - O^^'^O,^"), 

after symmetrizing in {(3^8) we form the curvature components Rs^p"', then we obtain the 
constraint Xf^X^X^Rs-yp'^ = 0. 



Now we consider the gauge current J 



if we symmetrize in (a/3) and use the fact that the structure constants are the group 
generators in the adjoint representation, then we can form the field-strength Fi^fB and we 
obtain the constraint X'^X^Fia/s = 0. It remains to check the nilpotence constraint for the 
superfield H. For this we need to transform da under the pure spinor BRST charge. 

3.2. BRST transformation of the superspace translations generator 

Now we consider the world-sheet field d^. Its BRST variation is given by 

SBdo.= <{ e{-[X^{a'),da{a)]dp{a') + X''{a')[df3{a'),da{a)]) 



-eX'~^fla/df3+ ida'tXf^{a')[dp{a'),do,{a) 



the first term here is not a Lorentz rotation as it was promised. The Lorentz rotation 
term will appear after the computation of the second term. To do this, we remind the 
relation between da and the remaining world-sheet field (^T|) • '^^^ more difficult brackets 
to compute are those coming from the first terms in ( |3.1| ). It is due to the fact that 
there will appear some part integrations to get the right result. After doing the other 
commutators we obtain 



jda'tX^{a')[dp{a'),da{a)] = tXf'[-{Ep'''dMEa''+Ea'^dMEp'')PN+j\di^aAip)+f'''iAjpAKa) 
+ f da'eX^{a'){[Ep^PM{cr'),diZ^BNa{a)] + [E^^^ PM{cr),d^Z'' Bj,p{ 



a') 



Let us consider the last integral. After doing the commutators we get it is equal to 

6 



after integration on a' we obtain that this expression becomes 

eX'^idiZ^E^'^dMB^N + diZ^'Ej'dMBpN) 

+ei-{diX'')Bf3^ - Xf'{diEp^)BMo. + {d^Xf')B^p + X^E^^'d^EMp) 

= eA^(( — 1) Ep Ea d[pEM] diZ B^A + diZ Hf^aN), 

where H stands for the components of the three-form field strength of the two-form su- 
perfield B, that is, H = dB. Adding up aU the contributions we obtain 

j da'e[Xf'dp{a'),d^{a)] = eXP[{-l)''+^Ep^' E^''d^pEM]''{EA'' Pn+B^Z'^ BNA)+d^Z'' Hp^N 

+ J {d(^ct^If3) + f I^jpAxa) + X^UJs{d<^f3fla)'y + ^Pp ^aj^ — ^Pj^^ap )] • 

After using 

dicAip) + f'^iAjpAKc = Fip^ - {-l)^'+^Ep^' E^''d[pEM]^AiA, 

d{p^Oi)'y +^pp ^a-f^ — ^p-f^^ap = Rpa-y —( — 1) Ep E^ O^pEm] ^A-f , 

(with F is the gauge field-strength , R is the Lorentz curvature) and reminding the defini- 
tion (|2.2|) we arrive to the BRST transformation of the world-sheet field d^ to be 



5Bd^ = -eA^O«/d^ + eA^(-l)^^+ii?/'^i?„^a[p£;M]^( J(n„ + n„)51 - S^d, 



—I 



+eX^idiZ''Hp^N + J Fip^ + X^LOsRp 






we recall that the combination of supervielbein appearing in the second term above is 
related to the torsion we finally obtain 

^Bdo. = -{-eXm^^l')dp -f eX^dpT^J + eX^X^ugRc^p^' + eX^W'Tp^a, (3.4) 

where we recognize a Lorentz rotation in the first term. Here we need that Fi^p = H^p-y = 



Hcepa — Tctpa = which are consistent with the constrains derived in [|T^ . In this way the 
nilpotence constraint for H in ( |2.4| ) are satisfied. 

In summary, we have proved that the BRST transformations contain a term which 
corresponds to a gauge and/or Lorentz transformation with field dependent parameters. 



4. BRST Variation of the Action 

As a check we wiU vary the action (|2.1|) under the transformations we derived above to 
derive the holomorphic constraints of (|2.5| ). Before this, let us compute the transformation 
of the gauge connection Aj = H^Aja and that of the Lorentz connection Oq,^ = U^flAa^ 
and after that we can deduce analogous transformations for Aj = H Aja and Oq,^ = 
n OyiQ,^. These transformations are similar to those of H"^, the difference is that the 
result does not contain the torsion but the corresponding curvature. That is, for Aj it will 
appear the field strength F and for Oq,^ it will appear the curvature R. The result is 



SbAi = -V(-eA"Aj«)-eA"n^F,^«, Sb^J = -V{-eXm^J)-eXm^RA^J , (4.1) 

where we recognize the gauge and Lorentz rotation parts in each transformation. 

Since the action is invariant under gauge and Lorentz rotations, we do not need to 
include that gauge and Lorentz parts in the BRST transformations of the fields appearing 
in (p.l| ). Up to gauge and Lorentz transformations the different terms in (|2.1| ) transform 
in the following way. The variation of the first term is proportional to 

The variation of the second term of the action is proportional to 

(fzeX^'U^U^HBAc, 

A (J 

here we have performed integrations by parts and the identity VH"^ — VH = n-^ll Tcb"^- 
The variation of the third term is proportional to 

d^z-eX'^U'^l^FiAo.- 
The variation of the fourth term of the action is proportional to 



The variation of the fifth term is 



The variation of the sixth term plus the S\^u) is 



ia/3^] 



The variation of the seventh term is 



f d^zeiX'^dp/UiJ + A°A%/ Vat/j/3' 



And the variation of Sj is zero up to gauge transformation. 

After summing up aU the contributions, we note that the terms involving VA" and 

ry 

n are zero. Finally the variation of the action becomes 



/3 
aa 



"^ _ _ (4.2) 

-A-A^c^^ri?,,^-^ + A"nv'(^(i:f«/3a + T^pa)W^ - Fjao.) + A^H V(^i/„^^iy7 - Fi^p) 



Therefore, the condition 6bS = Q determines the classical constraints (|2.5D on the back- 
ground superfields. 
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